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Stackelberg games
anda pbilevel bilinear
optimisation

MODELO DE STACKELBERG
(Leader — Follower)

comex /.,
Study Group with industry-Avignon - May 2016 D ’ combinatorial optimization: &@W

metaheuristics & exact methods ~ INVENTORS FOR THE DIGITAL WORLD




Carlos Casorran

Université Libre de Bruxelles Uni B,erlﬁgrd chorEZ ”
and Universidad de Chile niversite Libre de oruxelles

Martine Labbé Fernando Ordonez
Université Libre de Bruxelles Universidad de Chile

Study Group with industry-Avignon - May 2016 3




My goals

¢ [0 show you a new and important domain of application
of mathematics

¢ [0 Introduce you to bilevel optimization

¢ [0 convince you that “to have a valid formulation” is not
enough
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Bilevel Problem

max  f(z,y)
'Cc7y
S.t. re X
y € S(x)
where S(I‘) — CLTngwyg(an y)
s.t.(x,y) €Y
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Adequate framework for
Stackelberg game

e | eader: 1st level,

e Follower: 2nd level,

 _eader takes follower’s optimal reaction
INnto account.

Peinvich
bon Stackelbery
(1905 - 1940)

Study Group with industry-Avignon - May 2016 6 m




Bimatrix game

Follower
C D
A (2,1) (40) 0
Leader
Mixed
Strategy
B (1,0) (3,2) — 05
Leader
Follower
Pure Strategy

A Stackelberg solution to the game . (B,D) yielding a payoff of (3.5,1)
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Stackelberg vs Nash

Player 2 - C Player 2 -D
Player 1-A (2,1) (4,0)
Player 1 -B (1,0) (3,2)

Nash equilibrium: Player 1-A and Player 2-C => (2,1)
Stackelberg solution: Player 1-B and Player 2-D => (3,2)

Nash equilibrium may not exist
There is always a Stackelberg solution (optimistic)
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Stackelberg Games

Stackelberg Game p-Followers Stackelberg Game
(Conitzer and Sandblom, 20006)

® 0 &

Leader Follower Leader Follower
Follower 1  Follower2 Follower 3 Follower p

Objective of the Game
 Reward-maximizing strategy for the Leader.
« Follower will best respond to observable Leader’s strategy.
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Applications

(Tambe et al., USC)
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The beauty of this approach
comes from

the ranaomisation
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1-Follower general
Stackelberg game

e Follower optimally chooses one strategy 5 with probability 1

e For each possible strategy 5 of the follower, determine the probabilities z;
that leader chooses strategy ¢ by solving the LP:

Imax E RZJZEZ

el

el
X; > ()

Zcz]xz > ZCZZLCZ,\V/Z cJ

1e1 el
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Modeling a p-followers
general Stackelberg game

Follower type k € K and 7 € [0, 1]

R OF e RNV vk e K

z e SHI .= {z €0, 1]/ sz =1}

el

x; = probability with which the Leader plays pure strategy i

¢ e SVl .= {q € |0, 1]"]' : qu =1}, Vke K
jeJ

qf = probability with which type k Follower plays pure strategy j
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Bilevel formulation

(BIL-p-G) Max,, Y > > n"REzqh

icl jeJ keK
S.t. ZQ?Z — 1,
iel
€ [0, 1] Vi € I,
\
q" = arg max,. ZZC’er > Vk € K,
el ged )
rfe[(),l] Vje JVEk e K,
ri = Vk € K.
jed
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Bilinear formulation

Paruchuri et al.(2008)
(QUAD) max S: S: S: Wkaj:Eiqf

x7q7a’

el jedJ keK
S.1. ZCBZ — ]_7
el
d qh=1 vk € K,
1€J
0<(a" =) Cha)<(1—-q¢H )M VjeJVkeK,
el
e [0,1] Viel,
q; € {0,1} Vj € JVk € K,
a* € R Vk € K.
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M ‘ P“ Kiekintvelt et al. (2008)

(MIP1) max Y =*d"

x,q,a,d
ke K
st d* <RIz + Mi(1—q)), Vj e JVk € K,
el
el
Y qi=1 Vk € K,
1€J
k k .
0<(a" =) Cha))<My(1—¢F) VjeJVkeK,
el
e [0,1] Viel,
q; € {0,1} Vj e JVEk € K,
a® € R Vk € K.
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| Inearize

zq]—zw,WEIJEJkEK

v

o z;;€0,1,Viel,je Jke K

= >z, VielLke K
jEJ

= z5,Vjed

el

Study Group with industry-Avignon - May 2016 12 17



M | P2 Paruchuri (2008)

(MIP2) max S: S: S: Wkaj Z

S iel jeJ keK
s.t. T; = zfj, Viel, ke K
je€J
q;-“ = zfj, Vied
el
D=1,
el
Y g =1 vk € K,
jeJ
0< (@ =) Crha)<(1—¢f)M  VjeJVkeK,
el
2 € [0,1] Vie I,Vj € JVk e K,
e [0,1] Viel,
q; €{0,1} Vj e J,Vk € K,
" e R Vk € K.
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Eliminate ax

< (a® — Zzgck%) < (1 —q;?)M,Vj c J,Vke K

v

Zzel Ck r; < a¥ < ZiEI Cﬁxi + M (1 — QZk)v

\ 4

(1—¢")M,Vj,l € JVk e K

Vi,le J ke K

VA

ZZEI(C ny)xz
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Apply RLI

Sheraly, Adams (1999)

> ier(Ch = C)zs < (1= g )M, Vj,l € JVk € K

v

> icr(Chi — ij)xiq;?ﬁ (1 — qf)qu

v

S (Chk— Ok <0,V5,1 € JVk € K

1] —
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MIP3

(MIP-p-G) max > : > : > : Wkaj zfj

1€l jeJ keK

s.t. S:szszl, Vk € K
iel jeJ
Y (CF = Cl)z >0 Vj,l e JVk € K,
el
25 >0 Vie I,Vje JVkeK,

2 € {0,1} Vj € J,Vk € K,

el
Yoz = VieI,Vk € K.

jeJ jed
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About those MIPS

o ZLP(MIPS) S ZLP(MIPQ) S ZLP(Mlpl)
e LP(MIP3) is “integer” for k =1
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Computational comparison

Time vs. % of prob|ems solved LP Tlme vs. % Of prOblemS solved
100 100
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> =
S 60 g 60
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<@ o9
) S 40
a [o%
5 30 5 30
2 R
20 20
0 0
0.01 0.1 1 10 100 1000 10000 - 0 0.01 0.1 1
Ln(Time) EMD2 Ln(LPTime)
DOBSS
—— FMDOBSS %Gap vs. % of problems solved
—— MIPpG
100 100
% 90
80 80
>
g 60 S 60
» (72}
@ <o
S 40 S 40
a o
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20 20
10 10
0 0
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Ln(Nodes) Ln(%Gap)

GSGs: 1={10,20,30}, J={10,20,30}, K={2,4,6 }—without variability.
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Computational comparison

Time vs. % of problems solved LP TIme vs. % of problems solved
100 100
90 ,/ 90
80 - 80
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g
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(7]
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S
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(o)
Nodes vs. % of problems solved —— MIPpG %Gap vs. % of problems solved
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GSGs: 1={10,20,30}, J={10,20,30}, K={2,4,6 }—with variability.

(D2) | (FMD2) | (DOBSS) | (FMDOBSS) | (MIP-p-G)
Mean Gap % | 110.56 | 110.56 31.88 30.64 7.56
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Stackelberg security game

hhm; —_— f

W RSN o]
: —_--!g S

— - B - Y.‘

- |

|~

e Payoffs depend only on which target is attacked and whether it is covered
or not

Covered Uncovered
o Defender DF¥(jlc)  D*(jlu)
Attacker  A*(j|c) AR (5u)
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Compact representation of
Stackelberg Security Games

e Resources-Targets settings can be modeled as a Stackelberg Game BUT
if m ressources and n targets then (;‘1) pure strategies!

e Stackelberg Security Games can be more compactly represented.

e Solve for optimal coverage probabilities of the targets.
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Stackelberg security game:

"extended formulation”

(QUAD) ma Z qu D*(jlc) Z r; + D" (jlu) Z ;)

keK jeJ vel:jer iel:jéi
S.t. sz = ].,
el
d gf=1 vk € K,
JjeJ
0<ab—(AFGle) > wmi+ AR(ilu) Y w)<(1-¢)M Vi€ VkeEK,
rel:jenr iel:ji
€ [0,1] Viel,
q; €1{0,1} Vj e JVk e K,
a® € R Vk € K.
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Stackelberg security game:

"extended formulation”

(QUAD)  max Zwkzqfw’*(m[z xjw’f(ju)[z }

ke K jeJ el:jei el:jéi
S.t. ZZCZ = 1, |
el
S =1 > Lo vk € K
q; = ;
jeJ /
0<af —(A*(jlo)| > wl+ Al Y a) <(1-¢)M Vi€ JVkEK,
icl:jEi icl:jdi

z; € [0, 1] Viel,

q; €1{0,1} Vj e JVk e K,

a® € R Vk € K.
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Stackelberg security game:

compact formulation

(QUAD) max 3" 7" qh(DF(ile)e; + D (Glu)(1 — ;)

x,q,

ke K JEJ

S.t. ZZL’Z = 1,
el
Z Ti = Cj Vi e J,
1:)€1
x; € [0,1] Vi eI,
Y g =1 Vk € K,
jeJ
0<da— (Ak(j\c)cj + Ak(]\u)(l —cj) < (1-— qf)M Vi e JVk € K,
q; €1{0,1} Vj e JVk € K,
a* € R Vk € K.
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Stackelberg security game

compact formulation

(SECU-K-Quad) Max, > ¥ pr(af(¢;D*(jle) + (1 — ¢;) D*(jlu)))

kEK jcJ
s.t. c; €0,1] Vjeld
ch S m,
JeJ
q; (c; A% (jle) — (1 = ¢;) AP (jlu)) > ¢f (ce A" (t|e) — (1 — ) A% (t]u)) VEk € K,
q; € {0,1} Vje JVkeK
> qp=1 vk € K.
JjeJ
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Stackelberg security game

Extended formulations
(x-space): MIP1| << MIP2| << [MIP3

I v oo

Compact formulations
(c-space): MIP1| < [MIP2| < |MIP3
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Stackelberg security game:
I\/HPS—Com pact

(SECU-p-MIP) Max, S‘ S‘pk D" (j yjj + D" (j |u)( - yjj))
keK jeJ

S.t. Zyl] < mqf;-C Vk, 1,
ledJ

0<y; <dj, vk, J

qu =1, VEk,

jed

A" (jleyys; + AR Glu) (g — vj;) — Alle)y;

o A(”u)(QZ o ylj) >0 \V/jal7k7
Zylk] S {0,1} \V/l,k,

leJ

kE __ 1
Zylj = Zylj Vi, k.
jed ged
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LInk between MIP3 ana
SECU-p-MIP

e A pure strategy of the defender is a set of at most m targets

ko k
® Yn; — Zie]:hei Zij

O PTOj(LP(PM]pg)) C LP(PSECU—p—MIP)
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Time vs. % of problems solved LP time vs. % of problems solved
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SSGs: |K| € {4,6,8,12}, |J] € {30, 40,50, 60,70}, m € {0.25|.J|,0.50|J],0.75|J|}

(ERASER) | (SDBOSS) | (MIP-p-S)
Mean Gap % 204.82 28.76 1.72
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Conclusions

e Bilevel models and MIP reformulations are appropriate to
solve Stackelberg bimatrix games

eNew MIP formulations for general and security cases
e A valid formulation is not enough!

e[-uture: develop decomposition solution approach (DW,
Benders) based on strongest model.

e[-uture: study problems with non homogeneous ressources,
different second level...
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How to determine mixed strategies
from coverage probabillities

Z Lp = ij\v/j
h:7€h
th = 1
h
Lh Z O,\V/h
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Example:m=2

C1=0.7, C»=0.8, C3=0.5

Study Group with industry-Avignon - May 2016 38



